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Introduction 

Let if be a number field and Ok the ring of integers of K . Let [E, h) be a 
hermitian finitely generated flat Oif-module. For an Oi<--submodule F of E, let 
us denote by hp^E the submetric of F induced by h. It is well known that the 
set of all saturated Oj^-submodules F with deg(i^, hp^p) > c is finite for any real 
numbers c (for details, see [U the proof of Proposition 3.5]). 

In this note, we would like to give its generalization on a projective arithmetic 
variety. Let X be a normal and projective arithmetic variety. Here we assume that 
X is an arithmetic surface to avoid several complicated technical definitions on a 
higher dimensional arithmetic variety. Let us fix a nef and big C°°-hermitian invert- 
ible sheaf on X as a polarization of X . Then we have the following finiteness of 
saturated subsheaves with bounded arithmetic degree, which is also a generalization 
of a partial result fSI, Corollary 2.2]. 

Theorem A (cf. Theorem 13. ip . Let E he a torsion free coherent sheaf on X and 
h a -hermitian metric of E on X{C). For any real number c, the set of all 
saturated Ox-subsheaves F of E with deg{ci{H) ■ci{F^hp^E)) > c is finite. 

For a non-zero C°°-hermitian torsion free coherent sheaf G on X, the arithmetic 
slope fijYiG) of with respect to H is defined by 

^"^^^ - AG ■ 

As defined in the paper [5j, {E,h) is said to be arithmetically fj,-semistable with 
respect to H if, for any non-zero saturated Oxsnhsheai F of E, 

fijYiF, hp^p) < fj-TjiE, h). 

The above semistability yields an arithmetic analogue of the Harder-Narasimham 
filtration of a torsion free sheaf on an algebraic variety as follows: A filtration 

Q = Eq <Z Ei<Z ■ ■ ■ <Z El = E 

of E is called an arithmetic Harder-Narasimham filtration of {E, h) with respect to 
H if 

(1) Ei/Ei^i is torsion free for every 1 < i < I. 

(2) Let hp./p._^ be a C°°-hermitian metric of Ei/Ei^i induced by h, that is, 

hpi/Ei-i — {hPi'-iE) Ei^Ei / Ei^i = {^E^E / Ei^-i) Ei/ Ei-i-^E / Ei^-i_ 
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(for details, see Proposition II. l.ip . Then ft, J is arithmeti- 

cally /^t-semistable with respect to H. 

(3) il-jj{Ei/Eo,hE,/Ea) > fiwi^^/ El, hE^/E,) > ■ ■> ft-Jj{Ei/Ei^i,hE,/E,_^)- 

As a consequence of the above theorem, we can show the unique existence of an 
arithmetic Harder-Narasimham filtration: 

Theorem B (cf. Theorem lS.ip . There is a unique arithmetic Harder-Narasimham 
filtration of {E, h) . 

1. Preliminaries 

1.1. Hermitian vector space. In this subsection, let us recall several basic facts 
of hermitian complex vector spaces. 

Let (V, /i) be a finite dimensional hermitian complex vector space, i.e., V is 
a finite dimensional vector space over C and ft, is a hermitian metric of V . Let 
: y — > y be an injective homomorphism of complex vector spaces. If we set 
h'[x,y) = h((j}{x) , 4){y)) , then ft' is a hermitian metric of V'. This metric ft' is 
called the suhmetric ofV induced by ft and V' — > V, and it is denoted by fty/^y. 

Let ip : V V" be a surjective homomorphism of complex vector spaces. Let 
W be the orthogonal complement of Ker('0) with respect to ft. Let hw->v be 
the submetric of W induced by ft and W ^ V . Then there is a unique hermitian 
metric ft" of V" such that the isomorphism -ip]^ -.W ^ V" gives rise to an isometry 
{W, hw^v) {y" , h"). The metric ft" is called the quotient metric ofV" induced 
by ft and V V" , and it is denoted by hv~»v"- 

For simplicity, the submetric fty^y and the quotient metric hy^v" are often 
denoted by fty and fty respectively. It is easy to see the following proposition: 

Proposition 1.1.1. Let V, V' , V" be finite dimensional complex vector spaces with 
V" QV '^V . Let h be a hermitian metric ofV. Then 

{hv'^v)v'^v' /V" ~ {hv^v/v")v' /v"'~>v/V" 
as hermitian metrics ofV'/V". 

More generally, we have the following lemma: 

Lemma 1.1.2. Let (V, ft) be a finite dimensional hermitian complex vector space. 
Let W and U be subspaces ofV. Let us consider a natural homomorphism 

(f):W -> V/U 

of complex vector spaces. Let Q be the image of (j). Let us consider two natural 
hermitian metrics fti and ft2 of Q given by 

hi = (hw^v)w^Q and ft2 = (ftv^v/(7)Q^y/;7- 

Then hi{x,x) > h2{x,x) for all x Cz Q. In particular, if {xi, . . . ,Xs} is a basis of 
Q, then det{hi{xi,Xj)) > det{h2{xi,Xj)). 

Proof. Let T be the orthogonal complement of Ker(0 : W Q) with respect 
to hw^v- Then h{v,v) = fti(0(u), for all v <eT. Let be the orthogonal 

complement of U with respect to ft. Then, for w G T, we can set v = u + u' with 
M e J7 and u' G U^. Then ft2((/)(w), 0(f )) = h{u',u'). Thus 

h2i^iv),(l>{v)) = h{u',u') < h{v,v) = hi{(j){v),(^{v)). 

For the last assertion, see [H Lemma 3.4]. □ 
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Let ei, . . . , e„ be an orthonormal basis of V with respect to h. Let be the 
dual space of V and , . . . , the dual basis of ei, . . . , e„. For (p,tp € V"^ , we set 

n 
i=l 

where (f> = aie^ + • • • + a„e^ and t/j = 6ie^ + • • • + fonC^- It is easy to sec that 
does not depend on the choice of the orthonormal basis of V, so that the hermitian 
metric /i^ of is called the dual hermitian metric of h. Moreover we can easily 
check the following facts: 

Proposition 1.1.3. (1) <?i) = sup , / '\ . 

xev\{o} h{x,x) 

(2) Let xi,. . . ,Xn be a basis of V and x^, . . ■ ,x^ be the dual basis of V"^ . If 
we set H = {h{xi,Xj)) and i?^ = (/i^(a;y, a;V)), then = . 

(3) Let — > Vi — > V2 — ^ 1^3 — > 6e OK exact sequence of finite dimensional com- 
plex vector spaces and hi,h2, hermitian metrics 0/^1, V2, V3 respectively. 
We assume that hi = {h2)vi^V2 (ind hs = {h2)v2^V3- Let us consider the 
dual exact sequence ^ Fg^ ^ ^ of ^ Vi ^ V2 V3 ^ 
and the dual hermitian metrics h\,h2,h^ of hi,h2,h3 respectively. Then 
K = {h^)v^v^ys, and hX = (/i^)yv^yv. 

Let {U,hu) and {W,hw) be finite dimensional hermitian vector spaces over C. 
Then U ®cW has the standard hermitian metric hu ®hw defined by 

{hu (8> hw){u ®w.,u' ® w') = hu{u, u')hw{w, w'). 

Thus the standard hermitian metric of 0'^ V is given by 

r 

i<S> '^^(^l <E> ■ ■ ■Vr,v[(g) ■ ■ ■ (g)vl.) = h(vi.v[) ■ ■■h{Vr,vl.). 

Let TT : V /\^ V he the natural surjective homomorphism and h a hermit- 
ian metric of V given by 

r r 

f\h = r\{<^h)^.v^^^v■ 
Then we have the following: 

Proposition 1.1.4. {/\^ h){xi A ■ ■ ■ A Xr,xi A ■ ■ ■ A Xr) = det{h{xi,Xj)). 
Proof. For ai, . . . ,ar € V , we set 

(j){ai, ...,ar) = ^ ^ sgn(CT)a<,(i) • • • O a^(r). 
Then, by an easy calculation, for a & Sr and ai, . . . ,ar,bi, . . . ,br &V, we can see 

r 

(1.1.4.1) ((g) /i)(a<,(i) O • • • (8) a^^r),(f>{bi, • • • , 6r)) = 

r 

sgn(cr)((g) h){ai (g) • • • (g) 0^,0(^1, • • • ,&r)) 
Note that Ker(7r) is generated by elements of type 

ai (g) • • • (g) ttr, 
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where a; — aj for some i ^ j. Therefore, by (|1.1.4.ip . (I>{xi, . . . , Xr) G Ker(7r)^ for 
aU xi, . . . , S V. Thus, smce 

7r(0(a;i, . . . , Xr)) = Xi A ■ • • A Xr, 

we have 

r r 

((^ ^)0'-y^A"^^(^i^' • •A.Tr,a;iA- • -Axr) = ((^ h){(p{xi, . . . ,Xr),(l){xi, . . . ,Xr))- 
On the other hand, by using p.l.4.ip again, we can check 

((^ h){4'{xi, ■ ■ . ,Xr),(l>{xi, . . . ,Xr)) = ^ det{h{Xi, Xj)). 

Therefore we get our assertion. □ 

1.2. Finitely generated modules over a 1-dimensional noetherian integral 
domain. Let i? be a noetherian integral domain with dimi? = 1, and K the 
quotient field of R. For a € i?\{0}, we set ordi?(a) = lengthy (i?/ai?), which yields 
a homomorphism ord^^ : R \ {0} Z, that is, ordfl(a6) — ordfl(a) + ordij(6) for 
a,b G R \ {0}. Thus it extends to a homomorphism on given by ordf/^a/b) = 
ordfl(a) — ord/j'(6). 

Proposition 1.2.1. Let E be a finitely generated R-module. Let si,...,s,- and 
s'l, . . . ^ sj. be sequences of elements of E such that si, . . . , o^'rid s'j^, . . . , form 
bases of E ®fi K respectively. Let A — {oij) be an r x r-matrix such that aij G K 
for all i,j and s'^ — '^ij^j ^ ®R ^ f^'"' '^^^ Then 

lengthj^iE / Rs[ + h i?s',) = lengthy (£;/i?si H h Rsr) + ordK(det(A)). 

Proof. We set AI — Rsi + • ■ • + Rsr and M' = Rs[ + ■ • • + i?s'.. First we assume 
that M' C M. Then G R. An exact sequence 

M/M' E/M' E/M 0. 

yields 

lengthy (£:/Af') = lengthy (£;/A-/) + lengthj^(Af/A'f ')■ 

Note that M is a free i?-module. Let : M — > M be an endomorphism given 
by 0(s,) = s^. Then, by [EGA IV, Lemme 21.10.17.3], length^(M/0(M)) = 
length^(i?/det(0)i?). Thus we get 

lengthy (£;/Af') = lengthy, (S/M) + lcngthfl(i?/ det(A)i?). 

Next we consider a general case. Since E/M is a torsion module, there is 6 G 
R \ {0} with bM' C M. Thus, by the previous observation, 

length^(£;/feAf') = lcngth^(£;/M) + lengthy (i?/ det(6A)i?) 

because bsi = X]j=i ba-ijSj in E (Sir K for all i. Moreover 

lengthy (£;/6M') = lengthy (£;/Af') + lengthy (i?/6''i?). 



Hence the proposition follows. 



□ 
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Corollary 1.2.2. (1) Let {xi, . . . , Xr} be a basis oJE^rK. Let si, . . . ,Sr £ E 
and a € R \ {0} such that axi = Si in E K for all i. Then the number 

length jj^{E / Rsi + h Rsr) — r ordfl(a) 

does not depend on the choice of Si, . . . ,Sr and a, so that it is denoted by 
£r{E;xi, . . .,Xr). 

(2) Let {xi, . . . , Xr} and {x'l, . . . , x'^} be bases of E^r K. Let B = (bij) be an 
r X r matrix such that a;- = Y^^j=i ^ijXj for all i. Then 

Ir{E- x'l, . . . , O = Ir{E; xr,...,Xr)+ ordfl(det(S)). 

Proof. (1) Let s'l, . . . , sj. G E and a' € R \ {0} be another choice with a'xi = s[ 
in E (^R K for all i. Then s- = {a'/a)si in E 0r K. Thus, by the previous 
proposition, 

lengthy (E/iis'i + • • • + Rs'r) = lengthy (£/iisi + • • • + Rsr) + ordfl((a7a)''), 

which yields the assertion. 

(2) Let us choose a, 6 e R \ {0} and si , . . . , G E such that aXi = Si'm. E ®r K 
for all i and bbij G R for all i,j. If we set s'^ = J2j{^^ij)^i' cibx'^ = s'^ in E®rK 
for all i. Thus 

iR{E;xi, . . . ,Xr) = length ji{E/Rs I H h Rsr) — rordi{(a) 

eR{E;x[,...,x'r) = lengthy (i;/iis'i H \- Rs'^) - r ordR{ab) . 

On the other hand, by the previous proposition, 

length^(£;/i?si H h Rs'^) = length ji{E / Rsi H h Rsr) + ordij(det(6B)). 

Hence we obtain (2). □ 

1.3. Subsheaves of a torsion free coherent sheaf. In this subsection, we con- 
sider how we can get a saturated subsheaf. 

Proposition 1.3.1. Let X be an irreducible noetherian integral scheme, rj the 
generic point of X, and K = Ox,ri the function field of X. Let E be a torsion 
free coherent sheaf on X. Let Y,{X,E) be the set of all saturated Ox -subsheaves 
of E and T,{K,E^) the set of all vector subspaces of E^j over K. Then the map 
7 : Ti{X,E) — > Ti{K,E^) given by j{F) = F^ is bijective. For a vector subspace W 
of E^ over K, the subsheaf given by 7~^(M^) is called the saturated O^-subsheaf 
of E induced by W and is denoted by Ox (W', E) . 

Proof. Let us begin with the following lemma: 

Lemma 1.3.2. Let F, G be Ox -subsheaves of E such that F is saturated in E and 

F^ = Gr,. Then FDG. 

Proof. Let us consider a homomorphism <j) : G ^ E ^ E / F . Then t/)^ = 0. 
Since E/F is torsion free, we have <^ = 0, which means that G C F. □ 

The injectivity of 7 is a consequence of the above lemma. Let W he a vector 
subspace of E^^ over K. We set F{U) = W fl E{U) for any Zariski open set U of X. 
Then = W. We need to see that F is saturated in E. Since F is the kernel of the 
natural homomorphism E ^ E^, ^ E^/W, we have an injection E/F ^ Ej^/W, 
so that E/F is torsion free. □ 
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Proposition 1.3.3. Let X be a noetherian scheme and E a locally free coherent 
sheaf on X. Let n : P = Proj(0^>(, Sym'^{E'^)) X be the project ive bundle and 
Op{l) the tautological line bundle of P — > X. Let T{X,P) be the set of all sections 
of TT : P ^ X. Moreover let i?) be the set of all Ox-subsheaves L such that 

L is invertible and E/L is locally free. For s € T{X, P), let 

4>s ■■ s*{Op{-l))^ s*n*{E) = E 

be a homomorphism obtained from the dual homomorphism Op{—\) t^* {E) of 
the natural homomorphism tt*{E'^) 0^(1) by applying s* . We denote the image 
of(j)s : s*(Op(~l)) ~^E by L{s). Then L{s) € ^[{X,E) for all s G T{X,P) and a 
map 

r{x,p)^j:[{x,E) 

given by s t—^ L{s) is bijective. 

Proof. See Theorem 7.1 and Proposition 7.12]. □ 

1.4. Hermitian locally free coherent sheaf on a smooth variety. Let X be 

a smootlr variety over C, 77 be tlie generic point of X, and K = Ox.rj tlie function 
field of X. 

Proposition 1.4.1. Let {E,h) and {E',h') be -hermitian locally free coherent 
sheaves on X . If there is a dense Zariski open set U of X such that {E, is 
isometric to {E',h')\jj, then this isometry extends to an isometry over X. 

Proof. Since V = E^j is isomorphic to E'^^ , we may assume that E' is a subsheaf 
of Then {E,h)\^ coincides with {E',h')\^j. 

First let us see that E — E' . For this purpose, it is sufficient to see that E^ — E'^ 
for all codimension one points 7. Let {uji, . . . ,tjjr} and {uj'i, . . . , cj^} be local bases 
of E^f and E'^ respectively. Then there are r x r-matrices {oij) and (6^ ) such that 
Oijjbij € K for all i, j and 

r r 

for all i. Clearly (aij){bij) = (%)(ai-,) = {6ij). 

Claim 1.4.1.1. aij,bij € C'x,7 for all i,j. 

For each z, we set = mini<j<,{ord-y(ay)}. We assume that Ci < 0. Let t be 
a local parameter of Ox,'y- Then t^'^^Oij £ Ox.-y for all j. Thus t~'^^uj[ £ E^ and 
t~'^'uj'i in Ej (S) k(7). Let F be the Zariski closure of {7}. If we choose a general 
closed point xq of F, then w ■ 9^ in i?^^ ® k{xq) and i'^^'w- ^ in E^q k{xo). On 
the other hand, there is an open neighborhood Uxg of xq such that 

h{t~^^u;l,t-'^W^)ix) = h'{t-^^u;[,t-'^^u;'^{x) 

for X S Ux„ n U. Thus if we set 

fix) = h(t-'-u;'„t-'^^u;',){x) = \t\-'^^h'{u;lu;l){x) 

on Uxo n U, then lima;^^;^ f{x) = t~^'u;-)(a;o) — because t = at xq. 

This is a contradiction because t~'^'uj^ 7^ in Ex„ <E) K(y). Therefore we can see that 
S ^x,7 for all In the same way, bij G Ox,-f for all i, j. 



SUBSHEAVES OF A HERMITIAN TORSION FREE COHERENT SHEAF 



7 



By the above claim, {tJi, . . . , w,} and {lu'i, . . . ,uj'^} generate the same Ox,-y- 
module in V. Thus E-y — E'^. Hence we get E = E' . 

Let X be an arbitrary closed point of X. Let v,v' S E^®k{x). Choose uj,u!' € E^ 
such that to and lu' give rise to v and v' in E^. k(x). Then there is a neighborhood 
Ux of X such that h{uj,uj'){y) — h' {uj,tj'){y) for all y £ Ux CiU. Thus 

h{uj,uj'){x) — lim h{uj,Lu'){y) — lim h' {u!,uj'){y) = h' {ll!,uj'){x), 

y — >x y — 

which means that hj.{v,v') — h'^{v,v'). □ 

Proposition 1.4.2. Let {E, h) be a C°° -hermitian locally free coherent sheaf on X . 
Let xi, . . . ,Xj. be a K-linearly independent elements of Ej^. Then \og(Aet{h{xi, Xj))) 
is a locally integrable function. 

Proof. Let be a vector subspace of Er^ generated by xi, . . . , x^. By Proposi- 
tion [L3Tl there is a saturated Ox-subsheaf F of E with Fj^ = W. First we assume 
that F and E/F are locally free. For a closed point x £ X, let {uji, . . . ,ujr} be a 
local basis of Fx. Then we can find a matrix A = {oij) such that atj g K for all 
i,j and Xi = ^ij^j f^'' Then 

del{h{xi,Xj)) = |det(yl)pdet(ft,(wj,Wj)). 

Since F and E/F are locally free, det(/i(wi, Wj)) is a non-zero C°°-function around 
X and det(A) is a non-zero rational function on X. Thus log(det(/i(a:i, a;^))) is 
locally integrable around x. 

In general, if we set Q = E/F, then there is a proper birational morphism 
^1 -.Y ^ X oi smooth algebraic varieties over C such that 

/i*((3)/(the torsion part of fi*{Q)) 

is locally free. We set F' = Ker{^*{E) /x*((5)/(the torsion part of ^*((5))). 
Then F' and IJ*(E)/F' are locally free. Thus, since F^ = W, 

\og{dei{p* {h){x^,Xj))) /i*(log(det(/i(a;i, a;^)))) 

is a locally integrable function on Y. Therefore so is \ogdei{h{xi,Xj)) on X by 
virtue of [31 Proposition 1.2.5] □ 

1.5. Arakelov geometry. For basic definitions concerning Arakelov geometry, we 
refer to [Bl Section 1]. Let A be a projective arithmetic variety. We use several 
kinds of positivity of a C°°-hermitian invertible sheaf on A (like ampleness, nefness 
and bigness) as defined in [6l Section 2]. Let H — {Hi, . . . , Hd) be a sequence of nef 
C°°-hermitian invertible sheaves on A, where d — dimAQ. Note that the sequence 
is empty in the case of d = 0. We say H is fine if (A; Hi, . . . ,Hd) gives rise to 
a fine polarization of the function field of A (for details, see |7l Section 6.1]). For 
example, if Hi's are nef and big, then H is fine. Finally we consider the following 
lemma. 

Lemma 1.5.1. Let X be a generically smooth arithmetic variety and U a Zariski 
open set of X with codim(A \ U) >2. Then the natural homomorphism 

CH^(A)^CH^(C/) 

is injective. 
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Proof. Let {D, T) be an arithmetic cycle of codimension one on X . We assume 
that {D\jj , T\jj) — {<j)\u) f^or some non-zero rational function (j) on X. Then, since 
codim(X \ C/) > 2, we have {D,T) ^ (0). □ 

2. BiRATIONALLY C°°-HERMITIAN TORSION FREE COHERENT SHEAVES 
ON A NORMAL ARITHMETIC VARIETY 

Let X be a normal arithmetic variety. Let E he a, torsion free coherent sheaf on 
X. We say a pair {E, h) is called a birationally C°° -hermitian torsion free coherent 
sheaf on X if there are a proper birational morphism fi : X' — s- X of normal 
arithmetic varieties, a C°°-liermitian locally free coherent sheaf {E' , h') on X' , and 
a Zariski open set U oi X with the following properties: 

(1) X' and U are generically smooth. 

(2) codim(X \U)>2. 

(3) ji : X' ^ X is an isomorphism over C, that is, if we set U' = ii~^{U), then 

(4) E is locally free on U and /i is a C°°-hermitian metric of E\jj over [/(C). 

(5) {ii\jj,)*{{E,h)\jj) is isouveimcio {E',h')\jj,. 

This C°°-hermitian locally free coherent sheaf (£", h') is called a model of {E, h) in 
terms of ji : X' ^ X . Note that if ji' : X" ^ X' is a proper birational morphism of 
normal and generically smooth arithmetic varieties, then ji'* [E' , h') is also a model 
of h) in terms of /i o /x' : X" X. For, let X'^ be the maximal Zariski open 
set over which jj! is an isomorphism. Then codim(X' \ Xq) > 2. Thus if we set 
V = /i(C/' n X'q), then we can see the above properties for V . 

Proposition 2.1. Let X he a normal arithmetic variety and {E,h) a birationally 
-hermitian torsion free coherent sheaf on X . Let F be a saturated Ox-subsheaf 
of E. Let hp^E {resp. He^e/f) be the submetric of F induced by F ^ E and h 
{resp. the quotient metric of E/F induced by E ^ E/F and h) on a big Zariski open 
set of X , i.e., a Zariski open set whose complement has the codimension greater 
than or equal to 2. Then {F^hp'^E) and {E/F,hE^E/F) o,re also a birationally 
-hermitian torsion free coherent sheaf on X . 

Proof. Let rj be the generic point of X. Let {E\h') be a model of {E,h) in 
terms oi fj. : X' ^ X . Let F' be a saturated Oj^-subsheaf F' of E' with F^ — F^ 
(cf. Proposition [TXl|). We set Q = E'/F'. By [8l Theorem 1 in Chapter 4], there 
is a proper birational morphism /i' : X" —^ X' of normal and generically smooth 
arithmetic varieties such that /i'*(Q)/(torsion) is locally free. Let 

F" = Kevin'* {E') ^ ^'*(g)/(torsion)). 

Then F" and ^i'*{E')/F" are locally free. Thus 

(F'\fi'*{h')p„^f,,,(^E')) and {fi'* {E')/F" , n'* {h')f,r.(^E')^t."{E')/F") 

yield models of {F^Hf^e) and {E/F^He^e/f) respectively because ii'*{E',h') 
gives rise to a model of [E, h). □ 

Proposition 2.2. We assume that X is projective. Let H = {Hi, . . . ,Hd) be a 
sequence of nef -hermitian invertible sheaves on X, where d = dim^Q. Then 
the quantity 

d^{ciifi*(Hi)) ■ ■■ciifj,*(Hd.))-ciiE',h')) 
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does not depend on the choice of a model {E' , h') in terms of fi : X' X . It is 
denoted by deg-^(i?, h) and is called the arithmetic degree of {E, h) with respect to 
H. 

Proof. Let us begin with the foUowing lemma. 

Lemma 2.3. Let v : Y ^ X be a birational morphism of normal and projective 
arithmetic varieties such that Y is generically smooth. Let {E,h) and {E' ,h') be 
C°° -hermitian locally free coherent sheaves on Y . We assume that there is a Zariski 
open set U of X .such that codim(X \ U) > 2 and v is an isomorphism over U , that 

is, if we set V — h'^^{U), then v\y : V > U . Let Li, . . . ,Ld be C°° -hermitian 

invertible sheaves on X, where d = dim^Q. // {E,h)\y is isometric to {E' ,h')\y, 
then 

dii(ci(i^*(Ii)) • ■■ci{v*{Ld))-ci{E,h)) 

= d^g{Zi{v*{Li)) ■ ■ ■Zi{v*{Ld)) ■ ME', h')). 

Proof. Let 77 be the generic point of Y and xi,...,Xr a basis of i?,,. Let 
x'l^ . . . ,x'^ be the corresponding basis of E'^ with xi, . . . , Xr- Let Y^^^ be the set of 
ah codimension one points of Y . Then ci{E, h) and ci{E' , h') are represented by 

E ^Ov-,-,(^;a;i, ■ • ■ ,a;r){7}, - log(det(/i(xj, Xj))) 

and 

J2 eo^,,{E';x[,...,x',)'{^, -log(det(/i'(a:^,a;;-))) 

respectively. By Proposition 1 1 . 4 . Il we can see that 

det{h{xi,Xj)) — det{h'{x'i,Xj)) 

on y(C). Here 

ioY,-,{E;xi, ...,Xr)^ ioY_^{E']x[, ...,x'^) 

for all 7 e V'^^\ Moreover, for 7 G Y'^^^ \ V'^^\ since codim(i^({7})) > 2, 

A^g{c^{v*{L,)) ■ ■■Z,{v*{La)) • (h},0)) = 

by the projection formula (cf. [H Proposition 1.2 and Proposition 1.3]). Thus we 
have our lemma. □ 



Let us go back to the proof of Proposition 12. 21 Let hi) and (i?2, /i2) be two 
models of {E, h) in terms of /ii : Xi — > X and /i2 : X2 X respectively. We 
can choose a normal, projective and generically smooth arithmetic variety Y and 
birational morphisms ni : Y ^ Xi and 7:2 '. Y —^ X2 with o ni = ^2° t^2- We 
set u = o Hi = ^2 ° T^2- First of all, by the projection formula, we have 

A^g{Zi{lJi*i(Hi)) ■ ■ ■ci{til(Hd))-ci{Ei,hi)) 

= d^g{Zi{v*{Hi)) ■ ■■ci{v*{Ha))-Ci{T:*i{Ei,hi))) 
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and 

d^(ciifi2*(Hi)) ■ ■■ci{p2*{Hd)) ■ Cl{E2M)) 

Moreover, by Lemma [^751 

d^idiiiy*(Hi)) ■ ■ ■ci{y*(Hd)) ■ ci{TTl{Euhi))) 

= d^g[ci{y*(H^)) ■ • •ci(z.*(i?d)) • ?i(7r*(£;2,/i2))). 

Thus we get the assertion. □ 

Let X be a normal arithmetic variety and {E^ h) a birationally C°°-hermitian 
torsion free sheaf on X. Let vr : X' ^ X be a proper birational morphism of normal 
arithmetic varieties and {E' , h') a birationally C°°-hermitian torsion free sheaf on 
X'. We say {E,h) is birationally dominated by {E',h') by means of ir : X' — > X if 
there is a Zariski open set U oi X with the following properties: 

(1) codim(X \ U) > 2 and U is generically smooth. 

(2) {E, h) is a C°°-hermitian locally free sheaf over U. 

(3) If we set U' = Tr-^{U), then 7r|^, -.U' ^U. 

(4) {t:\jj,)* {XE,h)\jj) is isometric to {E',h')\jj,. 

Then we have the following: 

Proposition 2.4. The notation is the same as above. We assume that {E, h) is 
birationally dominated by {E',h') by means of n : X' X. 

(1) Let F be a saturated Ox-subsheaf of E and F' the corresponding saturated 
Ox' -subsheaf of E' with F. Then (F, hp^E) and [E / F^hE^E/p) bi- 
rationally dominated by {F' , h'p,^^,) and (E' / F\ h'-^,^^, ^p,) respectively. 

(2) We assume that X and X' are projective. Let H = (Hi, . . . , Hd) be a 
sequence of nef C°° -hermitian invertible sheaves on X, where d — dimXQ. 
Then d^g-jjiE, h) = d^i^. ^-^^ (E' , h') . 

Proof. (1) There is a Zariski open set Ui such that Ui C U, codim(Jf \Ui) > 
2 and that E\,j^ and E/F\jj^ are locally free. We set U[ = Tr'^iUi). Then 
{TT\jj,)*{{F,hF^E)\uj^) is isometric to {F' , h'p,^p,)\jj, . Thus our assertions fol- 
low. 

(2) Let {E",h") be a model of {E',h') in terms of a birational morphism : 
Y X'. Then it is easy to see that {E",h") is a model of {E,h) in terms of 
TT o ^ : Y ^ X. Thus we have (2) by Proposition 12. 21 □ 



3. FiNITENESS OF SUBSHEAVES WITH BOUNDED ARITHMETIC DEGREE 

In this section, we would like to give the proof of the main theorem of this note. 

Theorem 3.1. Let X be a normal projective arithmetic variety and {E, h) a bira- 
tionally C°° -hermitian torsion free coherent sheaf on X . Let H = {Hi, . . . , H d) be 
a fine sequence of nef C°° -hermitian invertible sheaves on X, where d ~ dimXQ. 
For any real number c, the set of all non-zero saturated Ox-subsheaf F of E with 
deg-jY{ci{F, hp^E)) > c is finite, where hp^E is the submetric of F induced by h 
over a big open set. 
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Proof. Let {E', h') be a model of [E, h) in terms oi ji : X' ^ X . Let 77 be 
the generic point of X. For each vector subspace W of i?^, let F (resp. F') be a 
saturated Ox-subsheaf of E (resp. Ox'-subsheaf of E') induced by W . Then, by 
Proposition [mi 

degjY{F,hF^E) = deg^,fjj^{F',hF'^E')- 

Therefore we may assume that X is generically smooth, E is locally free and h is 
a C°°-hermitian metric of E. 

For each < s < rk£^, let Ss(X, i?) be the set of all saturated rank s Ox- 
subsheaves of E. First let us see that, for any real number c, the set 

{L e E) I d^-jriF. hp^E) > c} 

is finite. Let tt : P — Proj(0^>Q Sym'*(i<^^)) X he the projective bundle and 
Cp(l) the tautological line bundle of P. Let hp he the quotient hermitian metric 
of Op{l) by using the surjective homomorphism tt*{E'^) — » Op{l) and the her- 
mitian metric 7r*(ft,^). In other words, the metric hp^ of Op{—l) is the submetric 
induced by the injective homomorphism Op{—l) t^*{E) and 7r*(ft,) (cf. (3) of 
Proposition II . 1 . 3)l . Let be the generic fiber oi tt : P ^ X , and K the function 
field of X. 

For a iiT-rational point x oi Pq, let us introduce A^^, Ux, Vx and Sx as follows: 
Ax is the Zariski closure of x in P and Ux is the maximal open set of X over which 
7r|^ : Ax ^ X is an isomorphism. Further Vx — {t^\/^ )^^iUx) and Sx '■ Ux ^ P 
is the section induced by the isomorphism 7r|y : Vx Ux 

Let 'Si{K,Eri) he the set of all 1-dimensional vector subspaces of Ejj over K. 
Then, by Proposition 11.3.31 there is a natural bijection 

Moreover let £') be the set of all saturated rank one Ox-subsheaves of E. 

By Proposition 1 1 . 3 .11 we have a bijective map 

MX,E) ^ ^i{K,E^). 

Therefore there is a natural bijection between Prj{K) and T,i{X,E). For a K- 
rational point x of P^, the corresponding saturated rank one Ox-subsheaf of E 
is denoted by L{x). Then, by using Proposition 11.3.31 we can see that L{x) has 
the following property: Let s* (C'p(— 1)) s*n*{E) = E\jj^ be the homomorphism 
from the natural homomorphism Op(— 1) — > t^*{E) by applying s*. Then the image 
of sJ(C'p(— 1)) ^\u^ ^® ^i^)\u^- ^^"^ submetric of L{x) induced by h. 

Claim 3.1.1. diiL{x),hx) = (tt^J, ((Op(-l), ;ipi)|^J) . 

Since the metric hp^ is the submetric of Op(— 1) induced by Tr*{h), we can 
see that s*(Op(—l), /ip^) is isometric to {L{x),hx)\^^■ Thus {Op{—l), hp^)\y is 
isometric to (7r|y )*{{L{x),hx)\ij ), which implies that 

i^lvj* (ci ((Op(-l),/ip^)|^,J) - i7:\yj. (ci ((vr|^,J*((L(x),/i,)|^J)) 

This means that the assertion of the claim holds over Ux- Thus so does over X by 
Lemma 11.5.11 
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For a i^T-rational point x of P^, the height /ic)(i)(x) with respect to Op{l) and 
{X, H) is given by 

hoii){x) = d^g {Zi{{AaJ(Hi)) ■ --MiAAjiHci)) ■ CI ( (Op(l), /ip)Uj) . 
By using the above claim and the projection formula, 

-ho,(^){x) = d^ (?i((^UJ*(i7i)) • • •Ci((^UJ*(i7,)) ((Op(-l),/lpl)|^J) 

= deg (ci(iJi) • ■■Ci{Hd) ■Ci{L{x),K)) = deg^(L(x), /i^). 
Thus we have a bijective correspondence between 

{L e I d^^(F, /ip^ij) > c} 

and 

{a; G P,-i{K) \ h{x) < -c}. 

On the other hand, by virtue of Northcott's theorem over finitely generated field 
(cf. [H Theorem 4.3]), {x G Pri{K) \ h{x) < — c} is a finite set. Therefore we get 
the case where s = 1 . 

For F e J:s{X,E), let \{F) be the saturation of 

S S 

F/ (the torsion part of F) 

in A'^E. 

Claim 3.1.2. //A(F) = A(F'), f/ien F = F' . 

We assume that A(F) = A(F'). Let if be the function field of X. Then, using 
Pliicker coordinates over K, we can see that F®K = F'®K. Thus, by Lemma ri.3.2[ 
F' = F. 

Let hx{F) = (A^ h)x(F)^/\= e- Then, by Proposition II. 1.41 

?i(F,/ip) -?i(A(F),/i^(P)). 

Therefore, by using the above claim and the case where s = 1, our theorem follows. 

□ 

Let X be a normal and projective arithmetic variety and {E, h) a birationally 
C°°-hermitian torsion free coherent sheaf on X. Let H ~ {Hi, . . . ,Hd) be a fine 
sequence of nef C°°-hermitian invertible sheaves on X. For a non-zero saturated 
Ox-subsheaf G of E, we set 

, s deg^(G, hg^E) 

A saturated Ojf-subsheaf _F of _B is called a maximal slope sheaf of {E, h) with 
respect to H if fjqj{F, Hf^e) gives rise to the maximal value of the set 

{fi-ff{G, hg^E) I G is a non-zero saturated Ox-subsheaf of E} . 

Moreover a maximal slope sheaf F of {E, h) is called a maximal destabilizing sheaf 
of {E, h) with respect to H if rki^ is maximal among all maximal slope sheaves of 
(i?, h). As a corollary of Theorem 13. 11 we have the following: 

Corollary 3.2. There is a maximal destabilizing sheaf of {E, h) with respect to H . 
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4. Arithmetic first Chern class of a subsheaf 

Let X be a normal and generically smooth arithmetic variety and i] the generic 
point of X. Let {E, h) be a C°°-hermitian locally free sheaf on X. Let F be an 
Ojf -subsheaf of E. Let xi, . . . , a:^ be a basis of F^^. Let us consider an arithmetic 
codimension one cycle z{F; xi, . . . , x,.) (i.e., an element of € Z\j{X)) given by 



z{F]Xi,...,Xr) = ^E^Ox,r(-Pr;2:i, . . . ,a:r)r, -logdet(ft,(a;i,a;j))j . 

Note that logdet(/i(a;i, Xj)) is locally integrable on ^(C) by Proposition ll.4.2l Let 
x'l, . . . ,x'^ be another basis of i^^. There is an r x r-matrix A — {aij) with x'^ — 
X]j=i O'ijXj- Using (2) of Corollarv ll.2.2i we can see that 

z(F; x'l, . . . ,x^) — z{F; xi, . . . , Xr) + (det(A)). 

Therefore the class of z{F;xi, . . . ,Xr) in CH^(X) does not depend on the choice 

of xi, . . . ,Xr- We denote the class of z{F; xi, . . . ,Xr) in C}ijy{X) by ci{F ^ E,h). 
li F = E, then ci{E ^ E, h) is equal to the usual ci{E, h). Note that 

ci{F ^ E,h)^ ci{F, hp^E) 

if F is saturated in E. More generally, we have the following: 

Proposition 4.1. Let F be an Ox-subsheaf of E and F the saturation of F in E. 
Then Ci{F, hp^^) — ci(_F ^ E^ h) is represented by an arithmetic divisor 

^ lengtho,^(i?r/Fr)r,0 

L r ; prime divisor 

In particular, if H = {Hi,...,Hd) is a sequence of nef C°° -hermitian invertible 
sheaves on X , then 

dii(?i(i?i) • • • ci(i?d) • E, h)) < d^5(?i(i?i) • • •ci(Frf) • hp^p)). 

Proof. Let 77 be the generic point of X. Let {xi, . . . , Xr} be a basis of F^. Then 
{xi, . . . , Xr} also gives rise to a basis of F^. Thus ci{F, hp^^) — ci{F ^ E, h) is 
represented by 

(^^{^Ox.riFr^xi, ...,Xr) - iox,r{Fr]Xi, . . . ,Xr))r,oj . 

Hence it is sufficient to see that 

^Oxx{Fr;xi, ...,Xr) - eox,r{Pr;xi, . . .,Xr) = Icngth^^^ (Fp/Fr) 

for all r. Let a be an element of Ox.r \ {0} such that axi G Ox.r for all i. Then 

£ox,riFr;xi, . . . ,Xr) = lengthp^^ (Ft /0x,raa;i H h Ox.raxr) - rordr(a), 

ioxxi^r;xi, . . . ,Xr) = lengthc,^^(Fr/Ox,raxi H h Ox.raXr) - rordr(a). 

Therefore we get our proposition. □ 
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5. Arithmetic Harder-Narasimham filtration 

Let X be a normal and projective arithmetic variety and H = {Hi, . . . , Hd) a 
fine sequence of nef C°°-hermitian invertible sheaves. Let {E, h) be a birationally 
C°°-hcrmitian torsion free coherent sheaf on X . {E, h) is said to be arithmetically 
jjL-semistahle with respect to H if, for any non-zero saturated Ox-subsheaf F of E, 

ii-jj{F, Hf^e) < (ijiiE, h). 

A filtration 

Q = Eo<ZEiC---<ZEi=E 

of Ox-subsheaves of E is called a saturated filtration of E if Ei/Ei^i is torsion free 
for every 1 < i < I. Aloreovcr we say a saturated filtration = £^o £ -£'1 £ • • • S 
El = E of E is an arithmetic Harder-Narasimham filtration of {E, h) with respect 
toHii 

(1) Let hEi/Ei-i be a C°°-hermitian metric of Ei/Ei-i induced by h, that is, 

hEi/Ei-i = {hEi'-*E)Ei^Ei/Ei-i — {^E^E / Ei^i ) Ei / Ei^i^E/ Ei^i ■ 

Then [Ei/Ei-i, hE^/Ei-i) is arithmetically /x-semistable with respect to H. 

(2) fljj{Ei/EQ,hE^/Eo) > i^H{E2/Ei,hE^/E^) > ■ ■■ > jj'HiEl/Ei.i^hEi/Ei.^)- 

In the case where X is generically smooth and {E, h) is a C°°-hermitian locally 
free coherent sheaf on X, for a non-zero O^-subsheaf G of E, we set 

tr^wh\ ^siMHi)---MHd)-c,{G-^E,h)) 
Mh(<^ ^ E,h) = . 



The purpose of this section is to prove the following unique existence of an 
arithmetic Harder-Narasimham filtration: 

Theorem 5.1. Let X be a normal and projective arithmetic variety. Let {E, h) he a 
birationally C°° -hermitian torsion free coherent sheaf on X. Let H — {Hi, . . . , Hd) 
be a fine sequence of nef C°° -hermitian invertible sheaves. Then there exists uniquely 
an arithmetic Harder-Narasimham filtration of {E, h) with respect to H. Moreover, 
if {E, h) is not arithmetically /i-semistable with respect to H, then a maximal desta- 
bilizing sheaf of {E, h) is unique. 

We need several lemmas to prove the above theorem. 

Lemma 5.2. Let {E,h) and {E',h!) he birationally C°° -hermitian torsion free 
coherent sheaves on normal projective arithmetic varieties X and X' respectively. 
Let H = {Hi, . . . , Hd) be a fine sequence of nef C°° -hermitian invertible sheaves 

on X. We assume that there is a birational morphism tt : X' X and {E,h) is 
dominated by {E' , h') by means of n : X' ^ X. Then we have the followings: 

(1) {E, h) is arithmetically ii-semistable with respect to H if and only if so is 
{E',h') with respect to n*{H). 

(2) Let F be a saturated Ox-subsheaf of E and F' the corresponding saturaied, 
Ox'-subsheaf of E' . Then F is a maximal destabilizing sheaf of {E, h) with 
respect to H if and only if so is F' with respect to n* {H) . 
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(3) Let = Eq C. El C. ■ ■ ■ C. El ~ E be a saturated filtration of E and 
= E'q C. E[ C. ■ ■ ■ C. E'l = E' the corresponding saturated filtration of E' . 
Then = Eq C. Ei C. ■ ■ ■ (Z Ei = E is a Harder- Narasimham filtration with 
respect to H if and only if so is = Eq C. E[ C. ■ ■ ■ C. E'l = E' with respect 
to 7r*(i?). 

Proof. This is a consequence of Proposition [^Hl □ 

Lemma 5.3. Let {E,h) be a birationally C°° -hermitian torsion free coherent sheaf 
on a normal projective arithmetic variety X. If {E,h) is not arithmetically fj,- 
semistable with respect to H and F is a maximal slope sheaf of {E, h), then 

flj^iF, hp-^E) > fl.H{E/F,hE^E/F)- 

Proof. We set a = rk(F) and b = rk{E/F). Then 

fi-jYiE, h) = -^fijYiF, hp^E) + -J^fLTjiE/F, hE^E/p)- 

Thus, since fi-jj-{F, hp^p) > t^jriE, h), we get our lemma. □ 

Lemma 5.4. Let {E,h) be a birationally C°° -hermitian torsion free coherent sheaf 
on a normal projective arithmetic variety X. Let H {Hi, . . . , Hd) be a fine 
sequence of nef C°° -hermitian invertible sheaves. Then there are a model (E',h') of 
{E, h) in terms of a birational morphism fi : Y ^ X of normal projective arithmetic 
varieties and a Harder- Narasimham filtration 

O^EoCE[C---CEl=E' 

of {E',h') with respect to H*{H) such that E'^/ E^_i is locally free for every i — 
l,...,l. 

Proof Let {E' ,h') be a model of {E,h) in terms of pi -.Y X. By Propo- 
sition 12.41 {E, h) is arithmetically /i-semistable with respect to H if and only if 
so is {E',h') with respect to iJ,*{H). Thus we may assume that {E,h) is not 
arithmetically /u-semistable with respect to H. Let E[ be a maximal destabilizing 
sheaf of {E',h'). Considering Proposition 12.41 and a suitable birational morphism 
fj,' : Y' ^ Y of normal, projective and generically smooth arithmetic varieties to 
remove the pinching points of E' / E[, we may assume that E'l and E' /E[ are lo- 
cally free. If {E' / E[, h'^,^^, ^^,) is arithmetically ^-semistable, then we are done. 
Otherwise, let E2 be a saturated Oy-subsheaf of E' such that E[ C E2 and EyE'i 
is a maximal destabilizing sheaf of {E' /E[, h'^i^pi/p/ )• Changing Y as before, we 
may assume that £"2 and E' /E2 are locally free. Moreover, by Lemma [5T3l 

l^tx'(H)iEl,hE[^E') = lJ-fj,'(H)iE'i, {hE'2^E)E{^E'J 

> P'ti'(H)iE2/E'i, {hE'^^E)E'^^EyE[)- 

Thus, continuing this construction, we have our lemma. □ 

Lemma 5.5. Let (E, h) be a C°° -hermitian locally free coherent sheaf on a normal 
projective and generically smooth arithmetic variety X . Let H = {Hi, . . . , Hd) be 
a fine sequence of nef C°° -hermitian invertible sheaves. Let = i?o £ -Ei £ • ■ ■ C 
El = E be an arithmetic Harder- Narasimham filtration of {E, h) such that Ei/Ei-i 
is locally free for every i — 1, . . . ,1. If F is a maximal slope sheaf of (E, h), then 
F CEi and fi-jj{F ^ E,h) ^ fi-TriEi ^ E,h). 
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Proof. Wc choose i such that F C Ei and F ^ Ei-i. We assume that i > 2. 
Let Q be the image of F ^ Ei/Ei-i. Let hq be the quotient metric of Q induced 
by hp'-tE and F Q, that is, hq — {hp^E)F^Q- Then, by virtue of Lemma ll.1.21 

On the other hand, since [F, hp^E) and [Ei/ Ei^i,hp./p._^) are arithmetically 
/^-semistable, 

(i-jj{F,hp^E) < i^TjiQ^hq) 

and 

(^TiiQ ^ Ei/E^_i,hE^/Ei-i) < ^^■H{E^/E,^l,hE^|Ei_^)■ 

Therefore, 

fi-jY{F,hp^E) < fj.-jY{Et/Ei^i,hEi/Ei-i) < AttI^Ij ^Bi---e)> 
which contradicts to the maximality of jl-jj-{F, hp^^p)- Thus F C Ei. Moreover, 
since (£'1, Hei'^e) is arithmetically /i-semistable, i^-ffiE, hp^p) < fijj{Ei, hp-^^p). 
Therefore fi-jj{F, hp^p) = jl-jj^Ei, hp-^^p) by the maximality of fi.jj(F, hp^p). 

□ 

Let us start the proof of Theorem 15.11 The existence of a Harder-Narasimham 
filtration is a consequence of Lemma 15.41 and Proposition 12.41 Let us see the 
uniqueness of a Harder-Narasimham filtration. Clearly we may assume that {E, h) 
is not arithmetically /^-semistable. Let = Eq C Ei C ■ ■ ■ C Ei = E and 
— Gq C Gi C ••• C Gf — E he Harder-Narasimham filtration of {E,h). 
Let {E',h') be a model of {E,h) in terms oi fi : Y ^ X. Let = C 
E[ C ■■■ C E'l = E' and ^ G'q C G[ C ■■■ C G'l, = E' be corresponding 
Harder-Narasimham filtration of [E' , h') with Q ^ Eq Ei <Z ■ ■ ■ <Z Ei = E and 

= Go C Gi C • • • C Gil = E respectively. By taking a birational morphism 
fi' : Y' Y, we may assume that EyE-_i and G'j/Gj_i are locally free for all 

1 = 1, . . . , Z and j = 1, . . . ,1'. Let F' be a maximal destabilizing sheaf of {E' , h'). 
Then, by Lemma [531 F' C E[ and /i^.^-g-j (F', /if'-^b') = (i^,Qj-^{E[,hE[--,E')- 
Thus F' = E[. In the same way, F' ~ G[. Hence, by considering a Harder- 
Narasimham filtration of (E' / F' , hpi^pi /pi) and induction on the rank, we have 
/ = r and E'i = G'i for all i. 

The above observation also show the uniqueness of a maximal destabilizing sheaf. 

□ 
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